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The conditions a re  obtained for  ensur ing  a r r i v a l  at the l imit ing mode of a r e a c t o r ,  en ter ing  
a region of per iodic ,  a lmos t  per iodic  or  t ime - l im i t ed  ex te rna l  per turba t ion  sources .  

Considera t ion of the neutron balance in an e lement  of phase space leads to the necess i ty  for  inves t i -  
gating the Bol tzmann t r anspo r t  equation [1, 2] 

ON (r, v,  t) v 
V~ (r, v, 0 -  Z. (r, v ) r  (r, v, t) 

Ot v 

-t- ~ Y~, (r, v '  - -  v, t) �9 (r, v', t) dv' -4- ~ (1--~) ~(v) #Yv (r, v') O(r, v', t) dr '  
t J  

+ ~ )~iCt (r, t) X~ (v) + S (r, v, t), (1) 
i 

where 6 ( r ,  v ,  t) = vN(r ,  v ,  t) is the d i rec t ional  flux density of neut rons  having veloci ty  v at the point r and 
at the instant  t. 

Af ter  averaging  over  the space va r i ab le ,  the equation for  the kinet ics  of the r e a c t o r  can be given the 
following form:  

dt [ keff~ (t) 
t 

+ Z [3i~ ~ q~ (~) exp [--  ~ ( t - - ~ ) ]  d'~. (2) 

In the f i r s t  p lace ,  we shall  be in te res ted  in the condition for  ensur ing  a r r i v a l  at the l imit ing mode of 
a r e a c t o r ,  moving space and enter ing  a region of ex te rna l  per tu rb ing  sources  q(t), which are  per iodic  or  
a lmost  periodic in t ime and which may be also of a control  nature .  In this  case ,  we do not exclude poss ib le  
per turba t ions  in the kerne l  under the in tegra l  sign in Eq. (2). 

We shall  say tha t the  continuous curve h = h(t) is the l imit ing mode of the family of continuous cu rves  
F{u(t)}, if lu(t)--h(t)l --" 0 when t-*~o. 

We shall call the function h(t) the m-function, if it belongs to one of the following classes of continuous 
functions: 

1. per iodic ,  with per iod a; 

2. per iodic ,  with per iod 2z and changing signs during the ha l f -per iod  (h(t + a) = --h(t)); 

3. bounded by a numer i ca l  s t ra ight  line; 

4. a lmos t  periodic according to Bohr ,  i . e . ,  for  the continuous function h(t), - -~ < t < + oo, a value 
of l = l(e) > 0 co r r e sponds  to eve ry  value of e > 0 such that in any in te rva l  [t 0, t o +/(e)] there  is at l eas t  
one value "r for  which Ih(t)--h(t + ~')1 < e( -~176 < t < + ~) .  The s imples t  example  of a lmos t  per iodic  function 
(pp-functions) a re  per iodic  functions. T r igonomet r i c  functions 

Institute of Hea t -  and Mass -Exchange ,  Academy of Sciences ,  Be lo russ ian  SSR, Minsk. T rans l a t ed  
f rom Inzhenerno-F iz ichesk i i  Zhurnal ,  Vol. 23, No. 6, pp. 1130-1133, D e c e m b e r ,  1972. Original  ar t ic le  
submit ted Apri l  7, 1972. 

�9 1974 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. I001I. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. A 
copy of this article is available from the publisher for $15.00. 

1602 



x (t) = "~ (a i cos )~t + b i sin Xit) ( . )  
f = l  

have n e a r - p e r i o d i c i t y .  

We no te ,  f i na l l y ,  the fo l lowing:  a) t r i g o n o m e t r i c  p o l y n o m i a l s  (*) wi th  i n c o m m e s u r a b l e  Z i do not  p o s s e s s  
the p r o p e r t y  of  p e r i o d i c i t y ;  b) d i f f e r e n t i a t i o n  and i n t e g r a t i o n  o p e r a t i o n s ,  g e n e r a l l y  s p e a k i n g ,  d e r i v e  f r o m  
a c l a s s  of  p p - f u n c t i o n s  which  n a t u r a l l y  c o m p l i c a t e  t h e i r  i n v e s t i g a t i o n .  On the o t h e r  hand,  s u p p o s e  tha t  a 
p p - l i n e a r  d i f f e r e n t i a l  o p e r a t o r  L i s  r e g u l a r ,  i . e .  i t  p r o v i d e s  u n i q u e n e s s  of the so lu t ion  x(t) E Cm(R n) of  
the equa t ion  

"~ .., d x  
Lx =-- A i (0 ~ = f (t) 

i = 0  

fo r  any r i g h t - h a n d  s ide  of f(t) E c G t n ) .  Then  the p r o p e r t y  of the p p - o p e r a t o r  L i s  r e g u l a r l y  s t a b l e  r e l a t i v e  
to  s m a l l  p e r t u r b a t i o n s  Ai( t ) .  

We note tha t  the se t  of func t ions  (*) i s  d e n s e  in the s p a c e  of  the p p - f u n c t i o n  E(I~), i . e .  e v e r y  p p - f u n c -  
t ion  can  be  a p p r o x i m a t e d  wi th  any d e g r e e  of a c c u r a c y  by  a t r i g o n o m e t r i c  p o l y n o m i a l  (Bohr) .  

Let  us  c o n s i d e r  the au tonomous  v e c t o r  s y s t e m  

dx 
- j  = P (x), (**) 

w h e r e x =  (x l . . . . .  Xn), F = (F 1 . . . . .  F n) a n d 0 F j / 3 x  n ~ C(R),  i ,  h =  1 . . . . .  n. F o r  e v e r y t  E (tl, tp) 
t h e r e  e x i s t s  a n e i g h b o r h o o d  U of the po in t  x 0 such  tha t ,  for  any u E U the so lu t ion  x( t ,  u, 0) de f i ne s  the 
m a p p i n g  T o r  T t of  the  n e i g h b o r h o o d  U in Rn.  F o r  t h e s e  m a p p i n g s ,  the  r e l a t i o n  T t T s  = T t + s o c c u r s  o r ,  
g e n e r a l i z i n g ,  we have a s i n g l e - p a r a m e t e r  g r o u p  in t o p o l o g i c a l  s p a c e .  If  we c o n s i d e r  the open se t  V 0 ~ R n 
and the c o r r e s p o n d i n g  so lu t i on  x( t ,  u, 0), u E V0, then  fo r  e v e r y  t E (tl, t2) the m a p p i n g  T = T t c o n v e r t s  V 0 
into the open se t  V t .  We denote  by m e s  V the L e b e s g u e  (volume)  m e a s u r e  of the open se t  V ~ R n. The  
fo l lowing  s t a t e m e n t s  a r e  w e l l - k n o w n :  S t a t e m e n t  1: i f  d iv  F = 0, then rues  V t = m e s  V 0 fo r  e v e r y  t E (t 1, t 2) 
and the t r a n s f o r m  T t c o n s e r v e s  the m e a s u r e .  

S t a t e m e n t  2: i f  d iv  F = 0, and M i s  an i n v a r i a n t  se t  of an au tonomous  s y s t e m  a n d v  0 i s  p a r t  of M, b e i n g  
a B o r e l  s e t  of p o s i t i v e  m e a s u r e  m e s  tv0t > 0, then t h e r e  e x i s t s  a s e q u e n c e  t m ,  m = 1, 2 . . . . .  such  tha t  
t m - - + ~ o  w h e n m - ~ + ~  (t m - - ~ o ) a n d v 0 v t m ~ 0 ,  m = l ,  2 . . . . .  

I f  we c o n s i d e r  v 0 a s  a s m a l l  n e i g h b o r h o o d  of the i n i t i a l  poin t  x 0 then ,  fo l lowing  P o i n c a r 6 ,  s t a t e m e n t  2 
can  be i n t e r p r e t e d  a s :  wi th  p r o b a b i l i t y  equa l  to uni ty ,  the r a n d o m  mot ion  i s  i n f in i t e ly  of ten r e v e r t i n g  to i t s  
i n i t i a l  s t a t e .  T h i s  p r o p e r t y  of m e c h a n i c a l  s y s t e m s  i s  c a l l e d  s t ab l e  a c c o r d i n g  to P o i s s o n  (more  f r e q u e n t l y ,  
t h i s  s t a t e  i s  t a i l e d  r e c u r r e n t  mot ion) .  

S t a t e m e n t  1, by m e a n s  of h y d r o d y n a m i c  a n a l o g y ,  i s  u s e d  fo r  the c h a r a c t e r i s t i c s  of i n c o m p r e s s i b l e  
m o t i o n  o r  f low ( e rgod ic  t h e o r y ) .  

The  p r o p e r t i e s  of r e c u r r e n c e  of  the s o l u t i o n s  of d y n a m i c  s y s t e m s  s u g g e s t :  w i l l  t h e s e  so lu t i ons  be 
p e r i o d i c  o r  n e a r - p e r i o d i c ?  Al though g e n e r a l l y  s p e a k i n g ,  t h i s  i s  not  t r u e ,  h o w e v e r ,  the t h e o r e m  is  v a l i d  
(C. R.  R u t n a m  and L. L. H e l m s ) .  

I f  d iv  F = 0 and i f  the so lu t ion  x(t) of  the s y s t e m  (**) e x i s t s  on _oo < t < + co and i t  i s  bounded  and 
s t ab l e  a c c o r d i n g  to Lyapunov  on both  s i d e s ,  then th i s  so lu t ion  x(t) i s  n e a r - p e r i o d i c  a c c o r d i n g  to Bohr .  

The  r e s u l t s  r e I a t i v e  to p e r i o d i c  and p p - m o t i o n s  a r e  g iven  in [4-6] .  What  has  been  s a id  above  i n d i c a t e s  
that  the c l a s s  of p p - f u n c t i o n s  is  qu i t e  e x t e n s i v e  and i n t e r e s t i n g  f r o m  the p h y s i c a l  poin t  of  v iew.  

Let  us  d e s c r i b e  ou r  r e s u l t .  

We denote  by  V( t ,  ~-) the  n o r m a l  o p e r a t o r  so lu t ion ,  when t = -r of the equa t ion  

dv (t) 1 j" 

i 

exp [-- ~'i (t - -  s)l v (s) ds, (3) 
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where 

AI= --~ 1-- ~i �9 
i 

Together  with Eq. (2) we shall  cons ider  the equation 
t 

d~ (t) = [A 1 1 

+ M (t, s)} (p (s) ds + q (t), 

where M(t, s) is a ce r t a in  kerne l ,  obtained by per turba t ion  of Eq. (2). 

We shall  a s sume  that: 

1) the r e a l  pa r t s  of all  roots  of the c h a r a c t e r i s t i c  polynomial  of the equation 
t 

du(t)dt =A~u(t)+ ~ - 1 ~  [~,)~ i j'exp [--~,(t--s)]u(s)ds 

are  negative and, consequently,  the inequality 

IV (t, T)] < B exp [ - -  k (t - -  ~)] 

is fulfilled, where the quant i t ies  B and k are  independent of t and ~-. 

2) q(t) is an m-funct ion 
+= 

3) .f 
t 

Then all solutions of Eq. (4) have one and the same l imit ing m-mode.* 

Note. The de terminat ion  of the cha r ac t e r i s t i c  polynomial  for  equations of the type (5) is given in [3]. 
In our case ,  this a lgebra ic  equation has the f o r m  

x - - A  1 - ~  ~ [~i)~=O. T J xq- )~i 

(4) 

(5) 

NOTATION 

T 

keff(t) 

h 
q(t) 

R n 

c |  

cm(l~n) 

is the ave rage  l i fe t ime of a neutron in the r eac to r ;  
is the effect ive neutron mult ipl icat ion fac tor  in the r e ac to r ;  
is the effect ive f rac t ion  of the i - th  group of delayed neut rons ,  

taking account of the i r  impor tance ;  
is  the decay constant  of the i - th  group; 
is  the effect ive s t rength of added sou rces ,  taking account of 

thei r  impor tance ;  
is  the m e t r i c  space with the me t r i c  p(x, y); 

n -d imens iona l  Euclidean space;  
space of functions,  continuous and bounded by ( - -~ ,  

is the 
is the 

oo); 

is  the 
with 

space of m - t i m e s  continuously di f ferent ia ted functions 
values  in Rn; 

is  the space of pp-funetions with the me t r i c  p(x, y) = sup p 

[x(t), y(t)], (x, y ~ C(R).  -~<t<| 

*A l imit ing m-m ode  denotes  that the l imit ing mode is an m-funct ion.  
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